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AN AB INITIO CONSTRUCTION OF A GEOMETRY
OMER MERMELSTEIN
Abstract. We show that the geometry of Hrushovski’s ab initio construction
for a single n-ary relation not-permitting dependent sets of size less than n,
when restricted to n-tuples, can be itself constructed as a Hrushovski construc-
tion.
1. Introduction
In the early 1990s Hrushovski [Hru93,Hru92] constructed his celebrated counter
examples to Zilber’s Conjecture – a suggested classification of strongly minimal sets
according to their (forking) geometry. The construction of [Hru93] and its variants,
where this method is applied to the class of finite hypergraphs with hereditarily
less edges than vertices, were dubbed the Hrushovski ab initio constructions. The
geometries associated to the ab initio construction are all flat, a property prohibiting
the any algebraic structure.
In [Eva11] Evans surveys the connections between Matroids and Hrushovski
constructions. Works of Evans and Ferreira [EF11, EF12] explore how variation
in the amalgamation class affect the geometry (matroid) associated to the resulting
ab initio construction. The paper [EF11] closes with the question of whether the
geometry associated to a Hrushovski construction is a generic construction itself.
This paper answers Evans and Ferreira’s question in the positive, for a subclass
of the Hrushovski constructions – the constructions given by a single n-ary relation
and not admitting dependent sets of size less than n. Moreover, we show that, the
geometry is essentially, like the ab initio construction itself, a generic construction
given by a predimension function. We achieve this by using the methods of [Mer16]
in conjunction with the predimension function proposed in [HM16].
2. Preliminaries
2.1. Generic structures. A category whose objects form a class of finite (re-
lational) structures A, closed under isomorphisms and substructures, and whose
morphisms, 6, are (not necessarily all) embeddings, is an amalgamation class (or
has the Amalgamation property and Joint Embedding property) if:
(AP) If A,B1, B2 ∈ A are such that A 6 B1, B2, then there exists some D ∈ A
and embeddings fi : Bi → D such that fi[Bi] 6 D and f1 ↾ A = f2 ↾ A.
(JEP) If A1, A2 ∈ A, then there exists some B ∈ A and embeddings fi : Ai → B
such that fi[Ai] 6 B for i = 1, 2.
By Fra¨ısse´’s Theorem, to every amalgamation class is associated a unique (up to
isomorphism) countable structure M satisfying
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(1) Every finite substructure of M is an element of A.
(2) Whenever A 6M and A 6 D ∈ A, there is an embedding f : D → M fixing
A pointwise such that f [D] 6M.
We call M a generic structure for A.
2.2. Geometries. We interchangeably consider a geometry (a finitary matroid
whose every element is closed) on a set X as:
(1) A closure operator cl : P (X)→ P (X);
(2) A dimension function d : P (X)→ N ∪∞;
(3) A first order structure with relations {In | n ∈ N} where In ⊆ Xn is the
set of independent n-tuples.
(4) A first order structure with relations {Dn | n ∈ N} where Dn ⊆ X
n is the
set of dependent n-tuples.
Notation. For a geometry G, we denote its closure operator clG and its dimension
function dG .
Definition 2.1. Say that a geometry G is flat if whenever E1, . . . , En are closed
in G, then ∑
s⊆{1,...,k}
(−1)|s|d(Es) ≤ 0
where E∅ = cl(
⋃n
i=1 En) and Es =
⋂
i∈s Ei for every ∅ 6= s ⊆ {1, . . . , n}.
Definition 2.2. We say that a geometry G is n-pure if n is the maximal natural
number such that every n-tuple of G is independent.
2.3. Clique predimension. Fix a symmetric irreflexive n-ary relation S.
Definition 2.3. Let A be some finite {S}-structure. We say that K ⊆ A with
|K| ≥ n is a clique in A if [K]n ⊆ SA. We say that K is a maximal clique in A if
there is no clique K ′ ⊆ A such that K ′ ⊃ K. Define M(A) to be the set of maximal
cliques of A.
Notation. For a finite set X define |X |∗ = max{0, |X | − (n− 1)}
Definition 2.4. For every finite {S}-structure A define
s(A) =
∑
K∈M(A)
|K|∗
δs(A) = |A| − s(A)
For a finite {S}-structure A and a finite substructure B ⊆ A define δs(A/B) =
δs(A)−δs(B). Extend this definition to an infinite {S}-structure A and a substruc-
ture B by defining δs(A/B) = inf{δs(X/X ∩B) : X ⊆ A, |X | <∞}. Write B 6 A
if for every B ⊆ X ⊆ A, it is the case that δs(X/B) ≥ 0.
Let A be some {S}-structure such that {a} 6 A for every a ∈ A. For every finite
substructure X ⊆ A, define dG(A)(X) = inf {δs(Y ) | X ⊆ Y ⊆ A}. The function
dG(A) uniquely determines the dimension function of a flat geometry G(A) with the
same universe as A. We call G(A) the geometry associated with A.
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2.4. The ab initio clique and symmetric constructions. The following defi-
nitions and facts are taken from [HM16].
Definition 2.5. Define Cclq0 to be the class of {S}-structures A such that whenever
K1,K2 ∈M(A) are distinct, then |K1 ∩K2| < n.
Define Cclq to be the class of {S}-structures A ∈ Cclq0 such that {a} 6 A for
every a ∈ A.
Define Csym to be the class of {S}-structures A ∈ Cclq such that M(A) ⊆ [A]n.
Fact 2.6.
• The function δs : C
clq
0 → Z is submodular. That is, letting D ∈ C
clq
0 and
letting A,B,A ∪B,A ∩B ⊆ D be induced substructures, we have
δs(A ∪B) + δs(A ∩B) ≤ δs(A) + δs(B).
• The relation 6 is transitive for structures in Cclq0 .
Definition 2.7. Let A1, A2 ∈ C
clq
0 and let B = A1 ∩ A2 be a common induced
substructure. Define the standard amalgam of A1 and A2 over B to be the unique
{S}-structure D whose universe is A1 ∪A2 such that M(D) =M ∪M ′ where
M = {K ∈M(A1) ∪M(A2) : |K ∩B| < n}
M ′ = {K1 ∪K2 : K1 ∈M(A1),K2 ∈M(A2), |K1 ∩K2| ≥ n}
Fact 2.8. Let A1, A2 ∈ C
clq
0 be such that B = A1 ∩ A2 is a common substructure.
Let D be the standard amalgam of A1 and A2 over B. Then δs(D/A1) = δs(A2/B).
In particular, if A1, A2 ∈ Cclq, then D ∈ Cclq.
For A,B ∈ Cclq0 , say that a first order embedding f : A→ B is strong if f [A] 6 B.
The classes Cclq, Csym are clearly closed under isomorphisms and substructures and
have JEP. By the above fact, they also have AP with respect to strong embeddings.
Thus, they each have a unique (up to isomorphism) countable generic structure.
We denote these generic structures Mclq and Msym respectively. Msym is known as
the n-ary uncollapsed symmetric ab initio Hrushovski construction.
Fact 2.9. G(Mclq) ∼= G(Msym). Moreover, for every Aclq ∈ Cclq there is some
Asym ∈ Csym such that G(Aclq) = G(Asym), and vice versa.
3. The geometric construction
For a geometry G on a set G, observe that 〈G,Dn〉 is an {S}-structure in C
clq
0 .
Say that an {S}-structure A is geometric if
• Whenever X ⊆ A with |X | ≥ n and δs(X) < n, then there exists a unique
K ∈M(A) with X ⊆ K.
Observation 3.1. If A is a geometric {S}-structure and X ⊆ A is such that
|X | ≥ n and δs(X) < n, then X is a clique and δs(X) = n − 1. Thus, X 6 A for
any X ⊆ A with |X | < n.
Definition 3.2. Define Cgeo to be the class of geometric {S}-structures.
Observation 3.3. The class Cgeo is a subclass of Cclq.
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Definition 3.4. Let A1, A2 ∈ Cgeo and let B = A1 ∩ A2 be a common induced
substructure. Define the geometric amalgam of A1 and A2 over B to be the unique
{S}-structure D whose universe is A1 ∪A2 such that M(D) =M ∪M1 ∪M2 where
M = {K1 ∪K2 : K1 ∈ M(A1),K2 ∈M(A2), |K1 ∩K2| ≥ n− 1}
M1 = {K ∈M(A1) : ∀L ∈ M(A2) |K ∩ L| < n− 1}
M2 = {K ∈M(A2) : ∀L ∈ M(A1) |K ∩ L| < n− 1}
The above amalgam differs from the standard amalgam in the definition of M ,
where we take the union of cliques if they overlap at n− 1 points rather than in n
points.
Lemma 3.5. Let A1, A2 ∈ Cgeo with B = A1 ∩ A2 and B 6 A1. Let D be the
geometric amalgam of A1 and A2 over B. Then D ∈ Cgeo.
Proof. Let X ⊆ D with |X | ≥ n and δs(X) < n. We must show there is a unique
K ∈ M(D) such that X ⊆ K. Since A1, A2 ∈ Cgeo, we may assume that X * A1
and X * A2.
We show that there is at most one clique containing X . Assume there are
K,L ∈M(D) distinct such that X ⊆ K∩L. Then K = K1∪K2, L = L1∪L2 where
Ki, Li ∈M(Ai) and it must be that |K1∩B|, |L1∩B| ≥ n−1. Let C = (K1∪L1)∩B,
let x ∈ X \A2. Then δs(C ∪ {x}/C) < 0 in contradiction to B 6 A1.
We have left to show that X is contained in a clique. It suffices to show that
this holds of some superset of X , so we may enlarge X . Thus, assume that for
any K ∈ M(D), if |K ∩ X | ≥ n, then K ⊆ X . This implies δs(X/X ∩ A2) =
δs(X ∩ A1/X ∩B).
We claim |X ∩ A1| ≥ n. Assume |X ∩ A1| < n. Then δs(X/X ∩ A2) = |X ∩
(A1 \ A2)|. It must be that |X ∩ A2| ≥ n, for otherwise δs(X) = |X | ≥ n, in
contradiction. As δs(X∩A2) < δs(X) < n and |X∩A2| ≥ n, this is a contradiction
to A2 being geometric. A symmetric argument yields that also |X ∩ A2| ≥ n.
Now, since B 6 A1, we have that δs(X/X ∩ A2) ≥ 0. Thus, δs(X ∩ A2) ≤
δs(X) < n. Since |X ∩ A2| ≥ n, by Observation 3.1, there exists K2 ∈M(A2) such
thatX∩A2 = K2 and δs(X∩A2) = n−1. As δs(X∩A1/X∩B) = δs(X/X∩A2) = 0
and, since X∩B ⊆ K2, also δs(X∩B) ≤ n−1, we have δs(X∩A1) < n. Therefore,
there is some clique K1 ∈M(A1) such that X∩A1 = K1. If |K1∩K2| < n−1, then
δs(X) ≥ n in contradiction. So |K1 ∩K2| ≥ n − 1 and K1 ∪K2 ∈ M(D) contains
X . 
Remark 3.6. The geometric amalgam is also an amalgam for Cclq.
Clearly Cgeo is closed under isomorphism and substructures, and has JEP. The
above lemma gives us AP for Cgeo, and so Cgeo has a countable generic limit Mgeo.
The closed sets of dimension (n− 1) in Mgeo are exactly M(Mgeo).
4. Mgeo as the geometry of a generic structure
Definition 4.1. Let A be a flat, (n − 1) pure geometry with underlying set A.
We define Ageo to be the {S}-structure with underlying set A and M(Ageo) =
{clA(B) | B ∈ [A]n−1, clA(B) 6= B}.
Observation 4.2. If B ⊆ A, then Bgeo ⊆ Ageo.
Observation 4.3. For every A ∈ Cgeo,
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• G(A) is (n− 1)-pure.
• (G(A))geo = A.
Lemma 4.4. For any flat, (n−1)-pure geometry B and A ⊆ B, we have δs(Ageo) ≥
dB(A).
Proof. Assume |A| > n− 1, for otherwise δs(Ageo) = dB(A) = |A|. Let
Â0 = A ∪
⋃
X∈[A]n−1
clB(X).
Clearly δs(Ageo) ≥ δs(Âgeo) and dB(Â) ≥ dB(A), so we may assume Â = A. Letting
Aˇ =
⋃
M(Ageo), note that δs(Ageo) − δs(Aˇgeo) = |A \ Aˇ| ≥ dB(A) − dB(Aˇ), so we
may also assume Aˇ = A.
Enumerate M(Ageo) = {E1, . . . , Ek} and note that A =
⋃k
i=1Ei. Observe that
by (n− 1)-purity, dB(Es) = |Es| whenever |s| ≥ 2. Then
∑
∅6=s⊆{1,...,k}
(−1)|s|+1dB(Es) =
k∑
i=1
dB(Ei) +
∑
s⊆{1,...,k}
|s|≥2
(−1)|s|+1|Es|
=
k∑
i=1
|Ei| − |Ei|∗ +
∑
s⊆{1,...,k}
|s|≥2
(−1)|s|+1|Es|
=
∑
∅6=s⊆{1,...,k}
(−1)|s|+1|Es| −
k∑
i=1
|Ei|∗
= |
k⋃
i=1
Ei| −
k∑
i=1
|Ei|∗
= |A| − s(Ageo) = δs(A
geo)
By flatness, −dB(A)+
∑
∅6=s⊆{1,...,k}(−1)
|S|+1dB(Es) ≥ 0, so δs(Ageo) ≥ dB(A). 
Lemma 4.5. Let A ∈ Cclq be such that A := G(A) is (n−1)-pure, then Ageo ∈ Cgeo.
Proof. By the above lemma, we have that Ageo ∈ Cclq. Denote by δAs the restriction
of δs to substructures of A, and by δ
Ageo
s the restriction of δs to substructures of
Ageo.
Let X ⊆ Ageo with |X | ≥ n and δA
geo
s (X) < n such that δ
Ageo
s (X) is minimal.
Note that by our choice of X , it must be that
⋃
M(X) = X . We may assume
M(X) ⊆ M(Ageo), replacing each clique with the maximal clique containing it can
only lower δA
geo
s (X). Enumerate M(X) = {K1, . . . ,Kr}. We show inductively that
for every m ≤ r, for the set Xm =
⋃m
i=1Ki we have δ
Ageo
s (Xm) ≥ δ
A
s (Xm). Assume
this holds for m.
Case 1: |Km+1 ∩Xm| ≥ n− 1, then δA
geo
s (Xm+1/Xm) = 0. By submodularity,
δAs (Xm+1/Xm) ≤ δ
A
s (Km+1/Km+1 ∩Xm).
We know δAs (Km+1 ∩Xm) ≥ n− 1 and δ
A
s (Km+1) = n− 1, so δ
A
s (Xm+1/Xm) ≤ 0.
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Case 2: |Km+1 ∩Xm| < n− 1. Then
δA
geo
s (Xm+1/Xm) = |Km+1 \Xm| − |Km+1|∗
= |Km+1| − |Km+1 ∩Xm| − (|Km+1| − (n− 1))
= (n− 1)− |Km+1 ∩Xm|.
On the other hand, by submodularity
δAs (Xm+1/Xm) ≤ δ
A
s (Km+1/Km+1 ∩Xm)
= δAs (Km+1)− δ
A
s (Km+1 ∩Xm)
= (n− 1)− |Km+1 ∩Xm|.
In any case, δA
geo
s (Xm+1/Xm) ≥ δ
A
s (Xm+1/Xm) and δ
Ageo
s (Xm) ≥ δ
A
s (Xm), so
δA
geo
s (Xm+1) ≥ δ
A
s (Xm+1).
As X = Xr we have δ
A
s (X) ≤ δ
Ageo
s (X) < n. So X ⊆ clA(X) ∈M(A
geo). 
The following lemma is an adaptation of [EF11, Second Changing Lemma], with
the same proof.
Lemma 4.6. Let A,D ∈ Csym with A 6 D. Let B ∈ Cclq with G(B) = G(A). Let
D′ be the structure with the same universe as D, and SD
′
= (SD \SA)∪SB. Then
B 6 D′ and G(D′) = G(D). 
Lemma 4.7. Let A ∈ Cclq be such that A := G(A) is (n − 1)-pure. Let B̂ ∈ Cgeo
be such that Ageo 6 B̂. Then there exists B ∈ Cclq such that A 6 B, G(B) is
(n− 1)-pure, and (G(B))geo = B̂.
Proof. By Fact 2.9, let Asym be such that G(Asym) = A. Again by Fact 2.9, as
B̂ ∈ Cclq, let Bsym ∈ Csym be such that G(Bsym) = G(B̂). Let B be the structure
obtained from Bsym by replacing Asym with A, as in Lemma 4.6. Then A 6 B,
B ∈ Cclq, and G(B) = G(Bsym) = G(B̂). By Observation 4.3, G(B) is (n− 1)-pure
and (G(B))geo = B̂. 
Let C be the class of structures A ∈ Csym such that G(A) is (n − 1)-pure. This
is an amalgamation class closed under the standard amalgam (which is the free
amalgam, in this case). Denote by M the generic structure of C. For every A ∈ C,
define Â = (G(A))geo.
The following is a special case of Lemma 15 of [Hru93].
Lemma 4.8. Let A ∈ C and let A := G(A). Then δs(Â) = dA(A).
Proof. Enumerate M(Â) = {E1, . . . , Ek}. Note that S(A) =
⋃k
i=1 S(Ei), because
whenever (a1, . . . , an) ∈ S(A), then cl({x1, . . . , xn}) ∈ M(Â). Then dA(A) −
dA(E∅) = |A \ E∅| = δs(Â) − δs(E∅), and so we may assume, similarly to as in
the proof of 4.4, that Â = E∅.
Observe that Es 6 A for any s 6= ∅, as an intersection of closed sets. Recall that
in the proof of lemma 4.4 we saw that
δs(Â) =
∑
∅6=s⊆{1,...,k}
(−1)|S|+1dA(Es).
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Then
δs(Â) =
∑
∅6=s⊆{1,...,k}
(−1)|s|+1dA(Es)
=
∑
∅6=s⊆{1,...,k}
(−1)|s|+1δs(Es)
=
∑
∅6=s⊆{1,...,k}
(−1)|s|+1|Es| −
∑
∅6=s⊆{1,...,k}
(−1)|s|+1
|S(Es)|
n!
= |A| −
|S(A)|
n!
= δs(A) = dA(A)
where the equality between the third and fourth line is by the inclusion-exclusion
principle. 
Proposition 4.9. M̂ ∼=Mgeo
Proof. By generalizing the method of [Mer16, 3.6.7], we need only show that:
• If A ∈ C, then Â ∈ Cgeo.
• If A 6 B ∈ C, then Â ⊆ B̂.
• If A ∈ C, B̂ ∈ Cgeo such that Â 6 B̂, then there exists A 6 C ∈ C such
that B̂ 6 Ĉ.
The first point is Lemma 4.5, the second point is because A 6 B implies G(A) ⊆
G(B), the third point follows from Lemma 4.7. 
Lemma 4.10. Whenever A 6M, then Â 6 M̂ . Additionally, δs(A) = δs(Â).
Proof. For the first part, apply [Mer16, Lemma 3.6.5]. For the additional part,
observe that G(A) ⊆ G(M̂). Then by Lemma 4.8, we have
δs(Â) = dG(A)(A)
= dG(M)(A)
= δs(A).

Note that the following theorem is about equality of pregeometries, and not mere
isomorphism.
Theorem 4.11. Identifying M̂ with Mgeo, we have G(M) = G(Mgeo).
Proof. Let A ⊆M be finite.
Let B 6M be the self sufficient closure of A in M. Then
dG(M)(A) = δs(B) = δs(B̂) ≥ dG(Mgeo)(A).
Let D̂ 6 Mgeo be the self sufficient closure of Â in Mgeo. Let D ⊆ M be the
structure induced by M on the underlying set of D̂. By Lemma 4.4 we have
dG(M)(A) ≤ dG(M)(D) ≤ δs(D̂) = dG(Mgeo)(A).

The above theorem shows that Mgeo is infact the reduct of G(M) = G(Mgeo) to
Dn. So clearly, the structure of Mgeo can be read off the geometry of Mgeo and vice
versa.
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